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Abstract: This article review some aspects of the dynamics of the yield curve in
Brazil using Swap PrexDI daily data from January 2006 to December 2013.
Accordingly, first the principal component analysis is used to identify the parameters
that explain the behavior of the term structure. Several studies indicates that two
factors explain the dynamic of the term structure and the results applied for the whole
period and for sub-periods in order to capture the effects of the 2008 crisis confirm
this, namely the level and slope. In addition various stylized facts mentioned in the
literature can be confirmed. After this, we estimate the models of Nelson - Siegel
(1987) and Diebold and Li (2006) in order to identify the dynamics of interest. The
results indicates that PCA results can reproduce faithfully the term structure in Brazil
and it is important to consider a different λ according to the macroeconomic scenario.
Keywords: Term Structure of Interest Rates. Principal Component. Forecasting.
1 INTRODUCTION

Research on the use of the term structure of interest rates in finance has
evolved to incorporate macroeconomic fundamentals. There are different reasons
1
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given in the literature, whether in finance or economics then, to estimate the term
structure of interest rates. As an example, we highlight the prediction and simulation
of future behavior, whether of short or long interest, precisely because of the curve
contain information about the expected path of the economy, which ultimately makes
the spread adjusted by a factor of risk prediction cycle business. Moreover, the yield
curve affects the movement of capital between countries. Other reasons are pointed
pricing derivatives such as swaps, options and futures interest rates, inflation
forecast and definition of maturity of new debt issued by government and businesses.
In the recent literature, we highlight Ang and Piazzesi (2003), Hördahl et al
(2006) and Wu (2005) that incorporate macroeconomic factors as determinants of
the yield curve, but only one way, and another line, Kozicki and Tinsley (2002), and
Dewachter and Lyrio (2006) and Rudebusch and Wu (2008) and Diebold and Li
(2006) that allow a bidirectional relationship between macroeconomic variables and
the yield curve. Have Dai and Singleton (2000) uses unobservable factors to explain
the dynamics of the interest rate.
An important point in the modeling process of the yield curve is to determine
the number of factors affecting its dynamics. Most work in this area indicates that two
or three factors can explain much of the variation in the yield curve. But this is not an
easy task in markets where assets are illiquid and there are various other
imperfections, making it not only an academic challenge, but fundamentally
economic policy.
Although price stability and improves the predictive environment in Brazil the
Real Plan, the construction of a yield curve still faces difficulties in a little liquid
market and that is not mature enough. Despite these shortcomings, find the factors
that limit its dynamics, as the level, slope and curvature are important for
understanding the conduct of monetary policy and all other features of the yield
curve.
There are several models proposed in the literature and seeking to
characterize the structure of interest. This paper has two major contributions. First
that by principal component analysis (PCA), seeks to identify the origin of the
variations of the yield curve in Brazil. And, second, to determine to what extent the
proposed modeling of the yield curve are useful for the Brazilian market from
comparing two classical formulations from January 2006 to December 2013. Notably,
the models of Nelson-Siegel (1987) and Diebold and Li (2006).
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In reason of contemplate the moments of stress has gone through the bond
market as part of the subprime crisis, this research also contributes to the discussion
on the yield curve in adverse environment, comparing the factors in the pre, during
and post crisis of 2008 .The choice is the use of daily data swap pré x DI with
maturities of 1, 2, 3, 4 and 6 months and 1-10 years. For those days when there was
no negotiation, we used the next business day.
Thus, this paper is organized as follows: in addition to this introduction, section
two discusses the features and different models that will be used. A third session
reviews the literature applied in Brazil. A fourth session analyzes the data and the
conclusions are presented in fifth session.

2 TERM STRUCTURE OF INTEREST RATES

Over the past few years, many studies have been conducted to analyze the
term structure of interest rates. The proposal of Nelson and Siegel (1987) and
subsequently to Svensson (1994) present satisfactory results for various markets and
periods, including its parameters reported by many central banks, including Brazil.
Although devoid of theoretical foundations, such models represent well the yield
curve of a security that pays no coupon, especially for short periods ahead.
In its simplest form, the yield curve can be represented by the proposal of
Nelson and Siegel (1987), based on three parameters

, being given by:
2.1

where the parameter λ, which is the decay rate of the component,
constant and

is kept

represent the level, slope and curvature, respectively,

being found by OLS.
One of the challenges in this research is to find the optimal value λ, since
small values of λ generate a smooth decay in the curve, fitting better the same for
longer periods. On the other hand, large values of λ produce a faster decay,
producing optimum settings for shorter periods. Moreover, λ is also the period in
which β3 reaches the maximum value. Several variations on the curve proposed by
Siegel and Nelson (1987) are found in the literature. One of the most used and that
increases the flexibility of the parameters is proposed Svensson (1994), which adds
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a fourth term which will allow a second slope (hump-shape or U-shape), with two
additional parameters:

and θ. In this case, θ is a decay rate and

, is a

component in the medium term. The curve of the spot interest rate is represented by
2.2 and the parameters to be estimated are to be given by

assuming

θ> 0 and λ> 0
2.2
Note that in the model of equation 2.2 Svensson (1994) and Nelson and
be equal to zero or if θ is equal to λ.

Siegel (1987) become identical in case

The proposed Diebold and Li (2006) considers the previous studies by
inserting a regressive process. Here is a reinterpretation of

. While

Nelson and Siegel (1987) these parameters represented the long, medium and short
term, to Diebold and Li (2006) represent the level, slope and curvature.
2.3
Again it is important to estimate the value of λ that influence the loading of the
medium-term ( ) and its maximum value parameter, thus determining the curvature
of the term structure. As in Nelson and Siegel (1987), is here assumed a fixed λ and
can be found from

, where

and is the root of the equation

. It is noteworthy that the Diebold and Li (2006) model
considers medium term as a period of 30 months, finding a λ = 0,0609.
When evaluating the models of the term structure some aspects of the
dynamics of the yield curve emerge in so-called stylized facts. The first is that the
yield curve is often increasing and concave; can take a variety of forms: his
inclination may be either positive or negative; be concave or convex; display
persistence, but less dynamic for spreads; display greater volatility in the relatively
short term and long term, finally, the long-term interest are more persistent than short
term.
Small values of λ produce a slow decay and possibly better fit the curve at
long maturities, while larger values for λ tend to produce a faster decay and seem to
better fit the curve at shorter maturities.
Later, De Pooter (2007) proposed a formulation that fits the model of
Svensson (1994), which has the characteristic of being highly nonlinear and therefore
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often find difficulties in the estimation process. Moreover, the formulation of
Svensson (1994) may present problems if multicollinearity λ and θ have the following
values. In this case, it is best to reduce the same to three parameters, and the
curvature factor shall be given by the sum of
assumed a restriction on

e

and

. To solve these problems is

to have different values from

. The equation

from De Pooter (2007) can be expressed by 2.4
2.4
It is noteworthy that the changes in Svensson (1994) model produced similar
results when compared to the original model with the advantage of correcting this
multicollinearity in the variables, but on the other hand, improved the predictive
power in the long term.

3 THE TERM STRUCTURE IN BRAZIL

Despite the difficulties encountered in building a yield curve for the Brazilian
economy, the models described above were tested with results that varied according
to the choice of sample period, assets used and frequency.
Vicente and Tabak (2008) estimated the Diebold and Li (2006) model to
predict the yield curve for the Brazilian market, using data from the exchange swap
contracts 1, 2, 3, 6 and 12 months, from May 1996 to November 2006, using both
fixed and variable after λ. At work, the authors compare the model of Diebold and Li
with the affine term structure and random walking. The predictions were made
recursively for up to 12 months ahead and for all maturity date. In this case, the
model of Diebold and Li (2006) proved to be more efficient, especially for interest
rates for longer terms than three months and up to twelve months ahead. While the
random walk is better adapted for the short term.
Matsumura et al (2010) compare various forecasting models interest rates for
the United States and Brazil using DIxPré swap with a maturity of 1, 2, 3, 6, 9, 12, 18,
24 and 36 months from January 1999 until March 2006. to compare the predictive
power of the models, the authors used a random walk as a benchmark, concluding
that the parametric models, among which includes Diebold and Li (2006), are those
that best predict the yield curve the market, although the performance of the models
were better in the United States as compared to the results of Brazil. The authors
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attribute this to the fact that the sample for Brazil to be smaller, to imperfections in
the market and to liquidity problems.
Thus, Matsumura et al (2010) confirm the findings of Vicente and Tabak
(2008), considering that exponential parametric models showed better ability to
forecast that affine Gaussian models, this is not about verifying the no-arbitrage
models.
Almeida et al (2008) and Almeida et al (2009) analyze the importance of the
curvature of the term structure in Brazil to predict interest rates in the fixed income
market. In the first model is estimated Dieboldi and Li (2006) for future DI contracts
between November 4, 2004 and December 28, 2006, where the authors have
eliminated those who were considered illiquid, ie, with lower trading 500 contracts. As
you know, one of the challenges in estimating these models is the determination of
the value of λ and different values of the intervals considered were tested, ranging
from 1.86 to 14.8 to fit model for prediction of 1 month.
The authors propose an extension to the Diebold and Li (2006) model,
including a fourth factor, aiming to capture a second type of curvature, improving the
ability of the model to generate volatility and capture nonlinearities in the yield curve,
as pointed out in dynamic model of Svensson. For that use data of 03 January 2003
to 18 October 2007 of DI futures contracts.
The suggested model is compared with the formulation of Diebold and Li
(2006) and other reference. The results showed that the additional factor allows you
to capture more complex features of the yield curve and that may become important,
especially for emerging markets such as Brazil, as suggested by Cochrane and
Piazzesi (2005).
As the discussion in the area, the authors emphasize the importance as to the
method to the choice of λ, stochastic, deterministic or simply constant. According to
the authors, the optimal value of λ would be between 0.03 and 0.42, which
corresponds to the maximum curvature of the loading period of five years and 0.05
years, respectively. The results presented by Cochrane and Piazzesi (2005), in which
the extension of the Diebold and Li (2006) model is useful for countries with more
volatile markets, as seen in derivatives or emerging countries, were confirmed.
Cavalcanti Junior (2013) apply a dynamic Nelson-Siegel model, as Diebold
and Li, using Kalman filter to forecast a period ahead. The objective was to
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determine the outcome of an allocation strategy DI futures contracts a day based on
the portfolio theory of Markowitz (1952).
Caldeira (2011) applies parametric and non-parametric models to determine
the characteristics and make forecasting the term structure of interest rates in Brazil
using data from DI future contracts between February 23, 2007 and April 22, 2010.
Using daily data NTN-B with maturities of 1,3,6,9,12,15,18, 21, 24,26,30,36,42 and
48 months, between January 3, 2005 and February 3, 2011, Oak and Moura (2013)
apply the proposed Diebold and Li (2006) to estimate and predict the future behavior
of the yield curve in Brazil. The results are compared with the prediction via
univariate models of type random walk, Svensson (1994), a dynamic model of the
type set VAR (1) Svensson (1994), one of 2 factors with dynamic AR (1) and another
with dynamic VAR (1). The authors conclude that low adequacy of the proposed
Diebold and Li (2006) for the Brazilian case.
Franklin et al (2012) also made provision for the yield curve using data from
fixed using the swap curve PrexDI NTN-B, currency coupon, coupon IPCA, IGP and
TR between September 2003 and December 2010. Was this case applied the model
of Svensson (1994) from two separate optimization processes, showing up the same
suitable for modeling various curves in Brazil.

4 REVISITING THE YIELD CURVE IN BRAZIL

There are several basics that a yield curve can reveal and to see how this
behavior was in Brazil, are used daily data D Ix Pré swap contracts between January
2, 2006 and December 30, 2013. Moreover, we created three subperiods in order to
check the impact of the financial crisis in 2008. the first, which runs from January
2006 to August 2008 is called the pre-crisis. The second runs from September 2008
to March 2009, being characterized as crisis, and the third, between April 2009 and
December 2013, named after the crisis. The terms included in the study were 1, 2, 3,
4 and 6 months and 1-10 years.
As a first step an investigation is made of statistics over time, useful to confirm
some stylized facts and also to support the assessment of the number of factors that
determine the dynamic characteristics of the curve. This is done via the principal
component analysis; see Litterman and Scheinkman (1991). Then, to complement
this analysis, estimates the NS and DL models and compared their results.
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A preliminary assessment of the behavior of the curve since 2006 reinforces
the perception that such research should be made considering the subperiods. As
can be seen in figure 1 is a clear difference in interest rates according to maturity in
the critical months of crisis, marked by the gray bar with the other periods. Although
2012 and 2013 also signaled a gap in long-term rates, it was considered along with
others that characterize the post-crisis. Between 2006 and 2008 the small difference
between long and short interest as well as between 2010 and 2012, reflects inflation
expectations anchored in the long run, which impacted the risk premium in various
assets in the country.
Further evidence of this shift in the curve during the crisis can be confirmed
from the volatility between maturities. This indicates the impact of the crisis on short.
Note that in this case, the short interest rate changed little, differentiating than in the
pre-and post-crisis moment where this variation was between 1,6 and 2,4 basis
points. On the other hand, the long interest showed different volatility between these
periods. That is, in normal scenarios, the yield curve in Brazil follows the stylized fact
pointed out in the literature where the volatility of short interest is higher than the
long. However, in a stress scenario, as it was in 2008, it did not happen. It is
noteworthy that these two pieces of information can be evidence that in assessing
the dynamics of the yield curve in Brazil is important to consider the period of crisis
and structural change.

Figure 1 - Yield Curve

Figure 2 - Volatility Curve
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From this evidence reviewed by the PCA is done both for the entire period and
for the subperiods for the curve in level and first difference, and the results point to
the existence of only three factors that explain most of the variation in the yield curve
in Brazil, see table 3 in the Annex. Furthermore, it was also identified that there is
little variation in the proportion explained by these factors, either pre, during or postcrisis. This finding indicates that we can consider as three sources of risk in the
dynamics of interest, and to evaluate these components in isolation, via eigenvectors
(loading), we can identify how a shock in one can affect the yield curve. In order to
complement this investigation the same procedure was done from a factor model.
The results, shown in Table 4 attached to four different estimation methods, point to
the existence of two common factors in the total sample, the pre-crisis and postcrisis. Moreover all methods indicate the existence of a third factor in crisis period.
In this case, the first component is considered the level of interest rates so that
changes in this component result in parallel shifts in the curve. Graph 4.3 compares
this to the different periods where we can see that with the exception of the crisis,
where both the interest rate for shorter periods and for longer-term oscillation is
larger in all other there is certain homogeneity.

Figure 3 - 1st component - level

Figure 4 - 2nd Component - slope
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Despite showing the third component in the graph 4.5, which represents the
curvature, the degree of explanation of the changes in the yield curve in Brazil is
small. It is noteworthy that this result may have been influenced by the fact that the
curvature, regardless of the period considered, showed no changes as the level and
slope. It is noteworthy that the movements of flattening of the yield curve are related
to periods of lower inflation and also expectation and, especially, after 2011, the
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increase in this slope confirms the deterioration in the inflation outlook; see Caldeira
and Furlani (2013) for a discussion of the implicit inflation in Brazil.

Figure 5 - 3rd component - Curvature
Total
Crisis

0.4

Pre-crisis
Post-Crisis

0.2
1E-15
-0.2
-0.4

6.0
5.0
4.0
3.0
2.0
1.0
0.0
-1.0
-2.0
-3.0
-4.0
-5.0

M9Y

M10Y

M8Y

M7Y

M6Y

M5Y

M4Y

M3Y

M2Y

M1Y

M6M

M4M

M3M

M2M

-0.6

M1M

10years - 3 months
10years - 1 month
02.01.2006
29.05.2006
18.10.2006
20.03.2007
10.08.2007
09.01.2008
05.06.2008
24.10.2008
26.03.2009
19.08.2009
15.01.2010
11.06.2010
04.11.2010
31.03.2011
22.08.2011
13.01.2012
12.06.2012
06.11.2012
08.04.2013
28.08.2013

0.6

Figure 6 - Spread - slope

The two principal components were used to generate a time series and on the
other to the average slope. In the first case we use as a proxy the average interest
ranging from 1 month, 1 year and 10 years, as indicated by the literature, and for the
slope we use the difference between the interest of 10 years and 3 months. These
results are indicated in the graphs 4.7 and 4.8. Note that in the case of the first
component with respect to the average interest is very high, with a correlation
reaching 0,998 and for tilting on this correlation was 0,852.

Figure 7 - 1st component x yield

Figure 8 - 2nd component x slope
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The fact that the components end up presenting oscillation depending on the
study period entails that an investigation be made from most periods. Thus PCA
were estimated for a moving window of 252 days, resulting in 1,714 results for the
eigenvalues and their components. Charts 4.9 and 4.10 show the evolution of the
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first component and the second between 10 January 2007 and 3 December 2013,
always considering the same data window. Two points stand out, that the two first
principal components explain almost all of the dynamics of interest in the study
period and, second, that at times this is explained more by the level, while in others,
such as between mid-January 2010 and the end of August 2011, is the slope that
determines this dynamic.

Figure 10 - 2nd component
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Figure 9 - 1st component
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Note: PCA made based on a sliding window of 252 days.
The yield curve can also bring information on the macroeconomic dynamics. In
this case, we can compare the evolution of the second component, which is the
slope, with the business cycle. One way to do this is via Selic rate over, as shown in
Graph 4.11.
Two points worth noting. The first is that, despite the literature regarding this
point, the fact is that it does not seem so clear to Brazil, in the period considered
here, as found in other studies, see Ang and Piazzesi (2003), Sword et al (2008) and
Rudebusch and Wu (2008). The second is that it becomes clear division of periods
where the correction between these two variables shown greater. The only time
where you can identify a reverse movement is between August 2008 and late 2010,
marked with a gray bar in the graph 4.11 precisely the period of greatest stress in the
market due to the impacts of the international financial crisis.
Given this low ratio, we can see that the shocks in the economy that should
lead the central bank to modify the interest rate of short-term and, thus, producing a
reverse movement in the slope of the curve, a sign of credibility in monetary policy,
not occur.
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Figure 11 - 2nd Comp. e Selic Over
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In addition to investigating the number of components that can explain the
yield curve, this work extends the analysis period followed by other authors and
compares the results between the proposed Nelson-Siegel (1987) and Dieboldi and
Li (2006), hereinafter NS and DL respectively. Initially, the estimation of the NelsonSiegel (1987) model was fixed with a lambda 0.06.

Table 1 - Stats Forecast

Pre-crisis
crisis
Post-Crisis
Total
Pre-crisis
crisis
Post-Crisis
Total

lambda
0.06
0.06
0.06
0.06
0.105
0.134
0.134
0.129

Nelson-Siegel(1987)
RMSE
MAE
2.34
1.84
0.10
0.06
0.05
0.03
1.33
0.62
0.07
0.04
0.10
0.05
0.05
0.03
0.06
0.04

Diebold-Li(2006)
RMSE
MAE
0.09
0.07
0.15
0.10
0.13
0.09
0.12
0.08
0.08
0.05
0.10
0.06
0.07
0.06
0.08
0.05

The results show that the parameter that represents the level (Figure 12) is
close to that found from the PCA technique, with results listed between 2006 and
2008, probably related to the estimation process. On the other hand, the slope (figure
13), not shown as close.
However, as pointed out in the literature, specify the value of λ is not the most
correct, failing to produce biased results. Therefore, it is found from the OLS for the
entire sample and for each of the three subperiods. As can be seen in table 1, the
values are different according to the period and the model used, ranging from 0.10
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for the pre-crisis to 0,134 in the other. Overall, in all tested models is a value for λ
which is higher in the pre-crisis period than in the other.
Moreover, as pointed out by the forecast statistics in Table 1, considering the
root mean square error (RMSE) and the mean absolute error (MAE), a value of
lambda equal for all periods considered, both in the NS model and on the DL
generate results unsatisfactory prediction regarding the values of lambda that
change.

Figure 14 Siegel(1987)

Figure 13 - 2nd Component e Beta 1
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Thus, the results and discussed thereafter consider the values of lambda in
table 1. Another interesting point is that the results obtained by the proposed NelsonSiegel (1987) have adapted better than the model of Diebold-Li (2006) in any period.
In graph 4.14 a curve estimated from NS for the full period is shown and λ = 0,129
Comparing the parameter estimates for the two models, graph 4.15, 4.16, we
can see that they behave in a similar manner, except for a few dates. The correlation
of the respective series is 0,85 for the 1st component and 0.92 for the second.
Two other models were tested, the Svensson (1994) and De Pooter (2007). In
analyzing the different periods covered, the SV model presents the best results.
However, when the values of θ and λ are very close, there is a problem of
multicollinearity. Thus, the yield curve shall be explained by a single factor since β3
and β4 vanish under these conditions, and the proposed SV does not circumvent this
problem and the best solution would be the use of the DP model. The results indicate
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the existence of differences in the estimation of θ and λ in the term structure in any of
the periods.

Figure 15 - 1st Component- NS e DL

Figure 16 - 2nd Component-NS e DL
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Three days were selected randomly but were present in each of the periods
considered here, to see the behavior of the yield curve and its adjustment models.
The graph 4.17 shows the observed and the estimated curve for the day 02 jan 2006.
Three days were selected randomly but were present in each of the periods
considered here, to see the behavior of the yield curve and its adjustment models.

Figure 17 - Curvature jan/02/2006

Figure 18 - Curvature oct/24/2008

It is noticed that the DL model is taken off the curve observed in some
maturities, which does not occur with the other, and this can be confirmed by the high
value of this SQR specification for longer periods. For the crisis period, with fewer
days, it is found that the DL can estimate the parameters with the lowest when
compared proportionally to the formulations of four parameters.
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The graph 4.18 shows the yield curve and verified from the estimated models
24 october 2008, during which the slope was positive due to market expectations
about monetary policy in the months ahead. In this graph, the estimated values are
used in the "crisis" period. The results for DL have the same inconsistency, failing to
estimate the rates with the same accuracy of the models with the additional
parameter.
Finally, the chart 4.19 shows the yield curve observed and estimated for the
date 14 september 2007, period of positive slope in the short term, going to a
negative slope in the medium term, and returning to a positive slope for the long time
frame. Note that in this case, all formulations used can not adequately estimate this
extremely volatile behavior of the yield curve.

Figure 19 - Yield Curve: sep/14/2007

5 CONCLUSION

This study aimed to revisit aspects of the yield curve in Brazil between 2006
and 2013 from daily data for prexDI Swap maturities of 1,2,3,4 and 6 months and 110 years. The principal component technique, although simple, can reproduce the
dynamics of the curve in the period in question, as well as sub-periods, from just two
components, the level and slope, in line with developments in the international
literature. In this case, an important point to make is that when checking a moving
window of 252 days, there are differences in the degree of explanation of these
components and that are related to the macroeconomic scenario.
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Another highlight is the confirmation of the stylized facts in the area in relation
to the dynamics of the yield curve. However, although useful for the discussion in
finance, the same can not reproduce the movements of the business cycle
represented here by Selic. What can explain this failure is the peculiar characteristic
of the domestic financial system, strongly influenced by public institutions. Or, the
very ineffectiveness of monetary policy to a central bank that is not independent.
The application of models of Nelson-Siegel (1987) and Diebold-Li (2006) show
a good representation of the movements of the curve over time, but points out the
importance of considering a different factor λ according to the macroeconomic
scenario.
The model parameters Svensson and four Pooter had a better fit to the model
Diebold and Li mainly explained by the greater flexibility with the addition of other
curvature. The model presented in Svensson estimates with the greatest amount of
data a problem of multicollinearity between parameters of curvature of the structure
of interest rates, which was very well resolved by adapting the model of De Pooter.
As a suggestion for future research is to extend the estimate of the yield curve
in the Nelson and Siegel (1987) format using the state space form, but contemplating
the presence of heteroscedasticity and functions of asymmetrical distribution.
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